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Abstract 

If string theory describes nature, then charged black holes are not described by the 
Reissner-Nordstr0m solution. This solution must be modified to include a massive dilaton. 
In the limit of vanishing dilaton mass, the new solution can be found by a generalization 
of the Harrison transformation for the Einstein-Maxwell equations. These two solution 
generating transformations and the resulting black holes are compared. It is shown that 
the extremal black hole with massless dilaton can be viewed as the "square root" of the 
extremal Reissner-Nordstr0m solution. When the dilaton mass is included, extremal black 
holes are repulsive, and it is energetically favorable for them to bifurcate into smaller holes. 
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1. Introduction 

It is a pleasure to honor Dieter Brill on the occasion of his sixtieth birthday. Over 
the years, Dieter has worked on many aspects of general relativity. But two of his recent 
interests are negative energy (in higher dimensional theories) PJ, and the possibility that 
extremal charged black holes can quantum mechanically bifurcate [0. I would like to 
describe some recent work which touches on both of these areas. 

For many years, it has been widely believed that static charged black holes in nature 
are accurately described by the Reissner-Nordstr0m solution. This is the result of two 
powerful theorems: the uniqueness theorem || which proves that the only static black 
hole solution to the Einstein-Maxwell equations is Reissner-Nordstrom, and the no-hair 
theorem || which shows that if one adds simple additional matter fields to the theory, 
the only static black hole is still Reissner-Nordstr0m. The extra fields either fall into the 
hole or radiate out to infinity. Although this solution seems physically reasonable in most 
respects, its extremal limit has two puzzling features. The first is that the event horizon 
is infinitely far away along a spacelike geodesic, but only a finite distance away along a 
timelike or null geodesic. The second is that the extremal black hole has zero Hawking 
temperature, but nonzero entropy as measured by its surface area. 

Recently, a slightly different picture of charged black holes has emerged. This is the 
result of studying gravitational consequences of string theory. A new class of charged 
black hole solutions have been foundB which do not have the puzzling features of Reissner- 
Nordstr0m. In the extremal limit, the area of the event horizon of these new black holes 
goes to zero, which is consistent with zero entropy. From another standpoint (for a mag- 
netically charged black hole) the horizon moves off to infinity in all directions: timelike, 
spacelike, and null. These solutions should be of particular interest to Dieter Brill since we 
will see that they are even more likely to bifurcate than the analogous black holes in the 
Einstein-Maxwell theory. In addition, although the total energy remains positive for these 
four dimensional holes, we will see that some of them resemble negative energy objects in 
that they are repulsive. 

In addition to the metric and Maxwell field F^, string theory predicts the exis- 
tence of a scalar field called the dilaton. The dilaton has an exponential coupling to F 2 
which implies that it cannot remain zero when F 2 ^ 0. This is the key difference from 
the previous no-hair theorems and shows that the charged black holes will differ from the 

1 For recent reviews, see || || . 
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Reissner-Nordstr0m solution. Although the dilaton is massless while supersymmetry is 
unbroken, it is expected to become massive at low energies. The breaking of supersymme- 
try in string theory is a nonperturbative effect which is not well understood at this time. 
So we cannot yet calculate reliably the dilaton potential from first principles. However the 
qualitative behavior of the solutions can be obtained by considering the simplest possibility 
m 2 <f) 2 . We are thus led to consider the low energy action: 

S = J d*x^ [R - 2(V</>) 2 - 2m 2 </> 2 - e'^F 2 ] (1.1) 

with equations of motion 

V^e'^F^) = 0, (1.2a) 

V 2 <f)-m 2 <j) = -\e- 24, F 2 , (1.26) 

= 2V M 0V I/ + 2e~^F w F v p 

- <7 M -[(V0) 2 + m 2 <p 2 + \e~ 2 ^F 2 \ (1.2c) 

When F^ u = 0, these equations reduce to those of the Einstein-massive scalar field theory. 
The no-hair theorems show that the only black hole solutions are Schwarzschild with = 0. 
However, as we just remarked, when the charge is nonzero, the dilaton will not be constant, 
and will alter the geometry. It does not appear possible to write the exact solution to ( |TT2] ) 
describing a static, spherically symmetric, charged black hole in closed form. But we will 
see that by combining general arguments, approximation methods, and numerical results, 
we can obtain a fairly complete understanding of their properties. 



2. Solutions with a Massless Dilaton 

Let us begin by considering the limit where the dilaton mass is negligible. It will 
be shown in the next section that this is appropriate for small black holes. Even with 
m = 0, the exponential coupling of the dilaton to the Maxwell field appears to prevent 
a simple closed form solution. However exact solutions can be found [0H] which are, 
in some respects, even simpler than the Reissner-Nordstrom solution. In the Einstein- 
Maxwell theory there is a transformation, found by Harrison 0, which maps stationary 
vacuum solutions into stationary charged solutions. It turns out that there is a similar 



transformation for the theory ( |1 . 1| ) with m = [ID|. In this section, we compare these 
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two transformations and the resulting charged black holes. For simplicity, we will consider 
only static solutions. 

We start with the familiar Einstein-Maxwell theory. Suppose 



ds 2 = —Xdt 2 + hijdx l dx 



[2.1) 



is a static vacuum solution. The Harrison transformation begins by rewriting this metric 

as 

ds 2 = -Xdt 2 + \- 1 ^ ij dx i dx j (2.2) 
where jij = Xhij . The charged solution is obtained by keeping jij unchanged and setting 

A 



A 

A t 



(cosh 2 a — X sinh 2 a) 2 

(A - l)sinh2ct 
2 (cosh 2 a — X sinh 2 a) 



(2.3a) 
(2.36) 



where a is a free parameter. Clearly, a = leaves the solution unchanged. Since the factor 
in the denominator appears frequently, it is convenient to introduce the notation 



e * = cosh a — A sinh a 



(2.4) 



Notice that (p, at this point, has nothing to do with the dilaton. We are considering 
solutions to the Einstein-Maxwell equations and (p is simply defined by (|2.4|) . Equation 
( p.3a| ) can now be rewritten A = Ae 4< ^ and the new metric can be expressed 



ds 2 = -Xe^dt 2 + e-^hijdx l dx J 



(2.5) 



Let us apply this transformation to the Schwarzschild solution: 

-l 



A = 1 



2M t 



/ , 2Mq \ ,2,2 



hijdx l dx J = ( 1 



dp z + p z dft, 



P V P 

In this case, e~ 2 ^ = 1 + 2Mo sinh 2 a/ p. So the new metric becomes 

ds'=-\l- 2 -^\ fl + 2Mosinh 2 aA- 2 ^ 2+ 



1 + 



P 



2M sinh 2 a 



P 



-l 



dp 2 + P 2 dn 

p • 



(2.6) 



(2.7) 
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This can be simplified by introducing a new radial coordinate r = p + 2Mq sinh 2 a. Then 



p(p-2M ) = (r - 2M sinh 2 a) (r - 2M cosh 2 a) = (r -r_)(r - r+) (2.8) 

where we have defined r_|_ = 2Mo cosh 2 a and r_ = 2Mo sinh 2 a. The metric (|2.7[) now 
becomes: 

cfe 2 = - (r ~ r+) f ~ r " } ^ 2 + 7 ^ -aV 2 + r 2 dQ (2.9) 

H (r — r_|_)(r — r_) 

This is the familiar form of the Reissner-Nordstr0m solution with the event horizon at 

r = r_|_ and the inner horizon at r = r_. Notice that the original Schwarzschild singularity 

p = has become the inner horizon, while the Reissner-Nordstr0m singularity r = 

corresponds to a negative value of p in the original Schwarzschild metric. The Maxwell 

field is 

F rl = M2^i (2 . 10) 

which shows that the total charge is Q = Mq sinh 2a. The total mass is M = (r+ + r_)/2 = 
Mo cosh 2a. The extremal limit is obtained by taking a —* oo, Mq — > keeping Moe 2a 
finite. In this limit, the two horizons coincide r + = r_. The event horizon becomes 
degenerate, with nonzero area but vanishing Hawking temperature. 

Now we turn to the theory with a massless dilaton. There is a solution generating 
transformation directly analogous to the Harrison transformation. It is usually discussed 
in terms of the conformally rescaled metric = e^g^ (where cf> is now the dilaton) 
which is called the string metric. This is the metric that a string directly couples to. To 
avoid confusion, the metric we have been using until now will be called the Einstein metric 
(since it has the standard Einstein action). If one starts with a static vacuum solution 
with (string) metric of the form ds = —Xdt 2 + hijdx 2 dx^ and = 0, then a new solution 
is obtained by keeping h%j unchanged, and setting 

A= s 2 — o (2.11a) 

(cosh a — A sinh a) 2 

(A — 1) sinh 2a 

A t =—^ y 1 - 2 — (2.116) 

2v2(cosh a — A sinh a) 

e~ 2 ^ = cosh 2 a- A sinh 2 a (2.11c) 

The similarity to ( |2.3| ) is remarkable. The change in A is identical to the Harrison trans- 
formation, and the expression for the vector potential At differs only by a factor of \/2. In 
addition, the solution for the dilaton is exactly what we called <p i n (|2.4| ). (This is why we 
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chose that definition for </>.) To compare with the Reissner-Nordstr0m solution, we should 
rescale back to the Einstein metric: 



ds 2 = -Xe'^dt 2 + e'^hijdx'dx 3 



(2.12) 



In terms of the original A we get 



ds 2 = -\e 2 *dt 2 + e~ 2 ^h ij dx i dx j 



(2.13) 



If one now compares ( [2.13| ) with the solution to the Einstein-Maxwell theory ( |2.5| ), one 
sees that the only difference in the solutions with and without a massless dilaton is a factor 
of two in the exponent. 



Applying this transformation to the Schwarzschild solution (|2.6|) , we obtain the metric 

2M Q 



ds' 



1 



1 + 



P 



2Mn sinh 2 a \ , 9 
1 + dt 2 + 



P 



2M sinh 2 a 



1 



2M n 



dp 2 + p 2 dfl 



(2.14) 



together with the Maxwell field and dilaton 



At =- 



M sinh 2a 



V2(p + 2M sinh 2 a) 



-24> 



A + 



2M sinh 2 a 
P 



(2.15a) 
(2.156) 



The factor of two difference in the exponent has the following important consequence: 
The surface p = in the metric ( |2.14j ) still has zero area and does not become an inner 
horizon. The total mass is now M = Mq cosh 2 a and the charge is Q = Mq sinh 2a/y/2. 
Introducing the same radial coordinate as before, r = p + 2Mq sinh a, the solution takes 
the remarkably simple form 



ds z 



2M\ , o / 2M 
1 1 dt 2 + 1 



Q 



rt 



1 



Q 2 ' 

dr 2 + r ( r ) dfi 

M 



Mr 



(2.16) 



Note that the metric in the r — t plane is identical to Schwarzschild! (Although the mass 
is different from the one we started with.) There is an event horizon at r = 2M and no 
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inner horizon. The only difference from Schwarzschild is that the area of the spheres is 
reduced by an amount depending on the charge. This area goes to zero when r = Q 2 /M 
(p = 0) resulting in a curvature singularity. 

Clearly, the solution (|2.16| ) describes a black hole only when the singularity is inside 
the event horizon i.e. Q 2 < 2M 2 . Linearized perturbations about this solution have been 
studied O] and remain well behaved outside the horizon: the black hole is stable. In the 
extremal limit, Q 2 = 2M 2 , the event horizon shrinks down to zero area and becomes sin- 
gular. The resulting spacetime describes neither a black hole (with a spacelike singularity), 
nor a conventional naked singularity (which is timelike). Since the causal structure in the 
r — t plane is independent of Q, the extremal black hole has a null singularity. Its Penrose 
diagram is identical to the region r > 2M of Schwarzschild, with both the future and past 
horizons, r = 2M , replaced by singularities. 

The fact that the area of the event horizon goes to zero in the extremal limit has two 
important consequences. First, it follows immediately from the area theorem that there is 



no classical process by which a nearly extremal black hole can become extremal []T2| . This 
is also true for the Reissner-Nordstrom solution, but the proof is more involved. Second, if 
one interprets the area as a measure of the entropy of a black hole through the Hawking- 
Bekenstein formula, S = A/4, then the extremal black holes have zero entropy. This is what 
one might expect for a ground state. The nonzero area of the extremal Reissner-Nordstr0m 
solution has always been puzzling from this standpoint, since it seems to indicate a highly 
degenerate ground state. Although this black hole resolves one puzzle, it creates a new 
one. For a static, spherically symmetric black hole, the Hawking temperature can be 
found by analytically continuing to imaginary time and computing what periodicity is 
necessary to avoid a conical singularity. Since this only involves the r — t part of the metric 
which is identical to Schwarzschild for the solution (|2.16|) , the Hawking temperature is 
also identical: T = 1/8ttM, independent of Ql In particular, the Hawking temperature 
does not go to zero as one approaches the extremal limit. This leads one to worry that 
the black hole might continue to evaporate past the extremal limit to form a true naked 
singularity. However, the backreaction clearly becomes important as one approaches the 
extremal limit, and a complete calculation is necessary to understand the evolution!. 

In terms of the original Schwarzschild mass Mo and transformation parameter a, the 
extremal limit again corresponds to M$ — > 0, a — > oo keeping Moe 2a fixed. In this limit, 



For a review of recent work in this area, see [13|. 
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A — > 1 and hij — > Jy. So the extremal black hole metrics (2J3) and ( 2.13 ) are determined 
entirely by the function e 2<? \ Since the solutions with and without a dilaton differ only by 
a factor of two in the exponent, one can view the extremal black hole with dilaton as the 
square root of the extremal Reissner-Nordstr0m solution. It is not clear what the physical 
interpretation of this is. On the one hand, the statement is clearly coordinate dependent. 
It holds in isotropic coordinates where the spatial metric is manifestly conformally flat. On 
the other hand, the statement applies not just to single black holes but extends to multi- 
black hole solutions as well. In the Einstein-Maxwell theory, since there is no force between 
extremal black holes (with the same sign of the charge) , there exist static, multi-black hole 
solutions. These are the Majumdar-Papepetrou solutions [TI] and take the form 



ds 2 = -e^dt 2 + e'^dx ■ dx (2.17) 

with 

e-^ = l + H i ^- (2.18) 

In exact analogy, the extremal black holes with a massless dilaton also have no force 
between them. The fact that Q 2 = 2M 2 rather than Q 2 = M 2 in the extremal limit 
means that there is a stronger electrostatic repulsion which exactly cancels the additional 
attractive force due to the dilaton. The multi-black hole solution turns out to be simply 
the "square root" of (fTT?|) : 

ds 2 = -e 2<t> dt 2 + e- 24> dx ■ dx (2.19) 

with e~ 2 ^ again given by ( |2.18|) . 

The solution generating transformations (|2.3| ) and (|2.11|) produce solutions with elec- 



tric charge. But one can easily obtain solutions with magnetic charge by applying a duality 
transformation. When the dilaton is present, the duality transformation corresponds to 
replacing F^ v and (ft with F^ v = ^e~ 2 ^e^ u Xp F\ p and (ft = —(ft. This leaves the stress energy 
tensor invariant and hence does not change the Einstein metric. But since the dilaton 
changes sign, it does change the string metric. For electrically charged black holes, the 
string metric is obtained by multiplying ( ]2.19| ) by e 2 ^ . The result is that the spatial metric 
is completely flat and g u is identical to the Majumdar-Papepetrou solutions. On the other 
hand, since (ft changes sign under duality, the string metric describing several magnetically 
charged black holes is obtained by multiplying ( |2.19| ) by e~ 2 ^ where (ft is still given by 
( |2.18|) . The resulting metric has gtt = —1 and a spatial metric which is identical to the 
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Majumdar-Papepetrou solution. In other words, the string metric describing several ex- 
tremal black holes is obtained from the analogous Einstein-Maxwell solution by flattening 
either the time or space part of the metric (depending on the type of charge) leaving the 
rest unchanged. 

The magnetically charged case is of particular interest. Recall that in the spatial 
part of the Reissner-Nordstr0m metric, the horizon moves off to infinity as one approaches 
the extremal limit. The extremal geometry resembles an infinite throat attached to an 
asymptotically flat region. Since gu = — 1 for the string solution, the horizon is now 
infinitely far away in timelike and null directions as well as spacelike. It has been suggested 
||15|| that this type of geometry may play an important role in explaining what happens to 
the information that falls into a black hole, after it evaporates. 



3. Solutions with a Massive Dilaton 

We now wish to include the effects of the dilaton mass.i Unfortunately, exact black 
hole solutions do not seem to be expressible in closed form. Given the simple form of the 
Reissner-NordstrOm ( |2.9| ) and massless dilaton ( |2.16| ) solutions, we will assume a metric of 
the form 

ds 2 = -\dt 2 + X^dr 2 + R 2 dQ (3.1) 

where A and R are functions of r only. 

We first consider the asymptotic form of the solution. We are interested in solutions 
that are asymptotically flat, which requires that (p — > at infinity. For large r, the 
right hand side of the dilaton equation (|1.26|) behaves like Q 2 /r 4 , and the derivative term 



becomes negligible. The dilaton thus falls off like \(f)\ ~ Q 2 /m 2 r A . Recall that a massless 
scalar field falls off as 1/r while a massive field with localized sources falls off exponentially. 
Here we have a massive field with a source that falls off polynomially, which results in the 
unusual asymptotic form of <p. Note that the limit m — > keeping r fixed is not well 
behaved. This is because \<f>\ ~ Q 2 /m 2 r 4 only in the asymptotic region where r is large 
compared to the Compton wavelength of the dilaton, i.e. rm 3> 1. 

Now consider the metric equation. At large distances, the Maxwell contribution to the 
stress tensor will be (9(l/r 4 ) while all terms involving the dilaton will fall off much faster. 



This section is based work done in collaboration with J. Home [16|. For another discussion 



of black holes with a massive dilaton see [17|. 
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Thus, the asymptotic form of the field equation is identical to the Einstein-Maxwell theory, 
and the solution is just Reissner-Nordstr0m. One can calculate the first order correction 
to the Reissner-Nordstr0m solution by treating the dilaton terms as a perturbation and 
one finds 

2M Q 2 Q 4 , 
A ~ 1 + - , 3.2a 

« (i " • (»•») 

Although the value of the dilaton mass is not known, one can place a lower limit 
from the fact that the 1/r 2 force law has been confirmed down to scales of about 1 cm. 
This requires that the dilaton Compton wavelength be less than 1 cm or m > 10 _5 eV. 
It follows that for a solar mass black holeS, Mm > 10 5 . In other words, the black hole 
is much larger than the Compton wavelength of the dilaton. In this case, the deviation 
from Reissner-Nordstr0m remains small until one is well inside the event horizon: At the 
horizon, 5X < (Q/M) 4 (Mm)" 2 < 1 and SR < (Q/M) 4 (Mm)" 4 < 1. So outside the 
horizon, the solution will be very similar to Reissner-Nordstr0m. Since ~ Q 2 /m 2 r 4 < 
(Q/M) 2 (Mm)- 2 < 1, the dilaton remains small everywhere outside the event horizon. 
For Q ~ M, the inner horizon of Reissner-Nordstr0m is close to the event horizon and the 
corrections due to the dilaton will still remain small there. So unlike the massless dilaton 
solution, a large black hole coupled to a massive dilaton can have two horizons. This is 
what one should expect physically. When Mm ^> 1, the dilaton is essentially stuck in the 
bottom of its potential well and does not affect the solution significantly. 

Even though the dilaton does not qualitatively affect the geometry, it has an important 
consequence near the extremal limit. Like Reissner-Nordstr0m, the horizons will coalesce 
in the extremal limit. However, the condition for when this occurs is no longer exactly 
Q 2 = M 2 . The new condition is found by asking when A has a double zero. If we substitute 
the unperturbed condition, Q 2 = M 2 and r = M, into the correction term in (|3.2a|) we 
find that to first order in the dilaton, A = is equivalent to 

r 2 - 2Mr + (q 2 - ^ ) = (3.3) 



4 In geometrical units, the dilaton mass m has dimensions of inverse length and is related to 
the inverse Compton wavelength. On the other hand, the black hole mass M has dimensions of 
length and is related to the size of the black hole. Thus Mm is dimensionless. Alternatively, one 
can view all quantities as dimensionless and measured in Planck units. 
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This will have a double zero when 



M 2 = Q 2 - 



1 



(3.4) 



5m 2 



So M 2 < Q 2 in the extremal limit, just like the massless dilaton solutions. But at infinity, 
we have seen that the solution always approaches the Reissner-Nordstrom solution, for 
which objects with Q > M are repulsive. Since Q 2 is strictly greater than M 2 in the 
extremal limit, nonextremal black holes can also have a charge greater than their mass. 
We conclude that nearly extremal and extremal black holes with a massive dilaton are 
repulsive. Roughly speaking, this is a result of the fact that the presence of the dilaton 
near the horizon allows Q 2 > M 2 but the dilaton mass cuts off the attractive dilaton 
force at large separations. This appears to be the first example of gravitationally bound 
repulsive objects. 

Since the extremal black hole has a degenerate horizon, its Hawking temperature van- 
ishes. However, this does not guarantee that it is stable. Extremal black holes might 
quantum mechanically bifurcate. In the context of the Einstein-Maxwell theory, this was 
considered by Brill |J. He found an instanton describing the splitting of an extremal 
Reissner-NordstrOm throat, and argued that there should exist a similar finite action in- 
stanton describing the splitting of the extremal Reissner-Nordstrom black hole. This has 
also been considered in the theory with a massless dilaton |JL8|| . However in both of these 
theories, the total mass M of the black hole is proportional to its charge Q in the extremal 
limit. Thus one black hole of charge Q has the same mass as n black holes of charge Q/n. 
The solutions are degenerate. This is not the case for the theory with a massive dilaton. 
It is now energetically favorable for an extremal black hole to bifurcate. From ( [3.4|) , the 
mass of a single extremal black hole of charge Q is Mi = (Q 2 — l/5m 2 )^ while the mass 
for n widely separated extremal black holes with charge Q/n is 



Clearly, M n is a decreasing function of n. These black holes should be even more likely to 
bifurcate than the ones considered previously. 

The above expression for M n only applies to large black holes, since it is based on 



to hold more generally. This is because it follows from the fact that extremal black holes 




(3.5) 



( |3.4|) . (More precisely, it is valid when mM n /n ^> 1.) However the conclusion is likely 
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are repulsive, which in turn is a consequence of two general properties of the extremal 
solutions: they always approach Reissner-Nordstr0m asymptotically and have Q 2 > M 2 . 
Thus extremal black holes will probably continue to bifurcate until they have a single unit 
of charge. At this point the black hole is small compared to the Compton wavelength of 
the dilaton, Mm <C 1. (Black holes of this type can also be obtained by starting with 
a large hole with small charge, and letting it evaporate. The extremal limit will not be 
reached until Mm <C 1.) For these small black holes there is a region M < r C 1/m 
which is far from the black hole but inside the dilaton Compton wavelength. One can 
solve the dilaton equation ( |1.26| ) exactly for r>M since the spacetime is essentially flat. 
The result is that for M<rCl/ra, ^ behaves like a massless dilaton: (ft oc 1/r. So one 
expects the black holes to behave qualitatively like the massless dilaton solution discussed 



in the previous section. Numerical calculations confirm that this is indeed the case ||16|| . 
In particular, there is no inner horizon and in the extremal limit, the event horizon shrinks 
to zero area and becomes singular. The string metric describing an extremal magnetically 
charged black hole has an infinite throat. 

We have seen that black holes with a massive dilaton can be viewed as interpolating 
between the Reissner-Nordstr0m solution (when their mass is large), and the massless 
dilaton solution (when their mass is small). One can say something about the transition 
region Mm ~ 1 by considering when a degenerate horizon can exist. If there is a radius 
ro for which A and A' both vanish, the field equations yield the following condition on the 
value of (ft at r 



e 



2<(> 



«i + # = Q m ■ (3 ' 6) 

The left hand side has a minimum of e 2 /4 when 0=1. So for Q 2 m 2 < e 2 /4, there can 
not exist a degenerate horizon. For Q 2 m 2 > e 2 /4 there are two possible values of (ft, but 
the equations of motion also imply that A" oc (1 — (ft) so one needs (ft < 1 to have A" > 
as required for an event horizon. At the critical value, Q 2 m 2 = e 2 /4, A" also vanishes 
yielding a triple horizon. This suggests that there may be solutions with three distinct 
horizons. But at the moment, there is no direct evidence for this. 

These intermediate size black holes can have an unusual property when described 
in terms of the string metric. One can show that the radius of the spheres of spherical 
symmetry in the Einstein metric, R, is monotonically increasing outside the horizon as 
expected. In the string metric, the radius of the spheres is Re^. For an electrically 
charged hole, it turns out that (ft is also increasing outside the horizon so the spheres indeed 
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become larger as r increases. However, for a magnetically charged hole, <f> changes sign and 
is monotonically decreasing outside the horizon. So Re^ need not be an increasing function 
of r. It certainly increases near infinity, and for the massless dilaton solution ( |2.16| ), it is 
monotonically increasing everywhere. However, for nonzero dilaton mass, one can show 
that it decreases outside the horizon for nearly extremal black holes with Mm « 1. This 
means that the spatial geometry contains a wormhole. Unlike the familiar wormhole in 
the maximally extended Schwarzschild solution, this wormhole is outside the horizon. It 
is static and transversable. 

Combining this with our previous results, we see that the string metric describing 
an extremal, magnetically charged black hole has a rather exotic dependence on mass. It 
resembles the Reissner-Nordstr0m metric with a degenerate horizon when Mm ^> 1. A 
wormhole forms outside the degenerate horizon when Mm ~ 1. Finally, the horizon and 
wormhole both disappear and are replaced by an infinite throat when Mm <C 1. 



4. Conclusions 

We have discussed two related issues. On the mathematical side, we have seen that 
despite the apparent complication introduced by a massless dilaton, the theory shares 
some of the features of the Einstein-Maxwell theory. In particular, there is a solution 
generating transformation which is remarkably similar to the Harrison transformation. 
The resulting extremal black hole can be viewed as the "square root" of the extremal 
Reissner-Nordstr0m solution. On the physical side, we have seen that the evolution of 
charged black holes predicted by string theory is quite different from standard lore. Black 
holes initially (when Mm ^> 1) are quite similar to the Reissner-Nordstr0m solution. But 
as they evolve (through Hawking evaporation and possible quantum bifurcation) they reach 
a stage where Mm -C 1. At this point, the black holes are similar to the massless dilaton 
solutions. For a dilaton mass of m = ITeV, the transition will occur at a black hole mass 
of M = 10 11 gms which is well above the Planck scale. This ensures that Planck scale 
corrections, which have been neglected throughout, will still be negligible. 

What is the most likely endpoint of this evolution? Assuming the charge is not 
completely radiated away, one expects to be left with an extremal black hole with unit 
charge!. Since charge is quantized, this must be stable against further bifurcation. These 

5 Although likely, this is still uncertain due to the fact that the Hawking temperature does not 
vanish as one approaches the extremal limit of these small black holes. 
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remnants would be pointlike objects, with charge greater than their mass, which repel each 
other. In other words, they would appear very much like elementary particles. (See also 
In fact, by shifting the dilaton potential so that its minimum is at 4>q 7^ 0, one can 
change the charge to mass ratio of the extremal black holes. There even exists a value 
of 0o such that the extremal black hole of unit charge has the mass of an electron. In 
the past, one of the main objections to interpreting an electron as a black hole was the 
fact that its charge is much larger than its mass (in geometrical units) so that according 
to the Reissner-Nordstr0m solution, it would be a naked singularity. The massive dilaton 
predicted by string theory removes this objection and opens up the possibility of a much 
closer connection between elementary particles and black holes. 
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